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It is well known that by using the innite dimensional symmetries that issue from string theories, one
can build 2D geometric eld theories. These 2D eld theories can be identied with gravitational and
gauge anomalies that arise in the presence of background gauge and gravitational anomalies. In this
work we consider the background elds as residuum from reducing higher dimensional eld theories to
two dimensions. This implies a new relationship between string theory and eld theories. We identify
the isotropy equations of the distinct orbits as the Gau's law constraints of a Yang-Mills theory coupled
to a gravitational theory that has been evaluated on a two-dimensional manifold. We show explicitly
how one may recover the higher dimensional theories and extract this new theory of gravity and its
coupling to Yang-Mills theory. This gravitational theory is able to couple to Yang-Mills via a torsion-like
term and yet maintain gauge invariance. Also this new theory of gravity suggest a natural distinction
between cosmology and local gravitation. We comment on the analogue of Chern-Simons theory for
dieomorphism, the vacuum structure of gravity, and also the possibility of extracting explicit realizations







Throughout the literature, the focus on coadjoint orbits
1;2
for two dimensional theories has been in the construction





gravity have been shown to be precisely the geometric actions associated with the ane Lie algebra
and circle dieomorphisms respectively
5{7
. Recently we have turned our attention not to the orbits but instead
to theories that are \orthogonal" to the orbits. By this we mean to study the eld theories associated with the
background elds that dene the coadjoint orbits, vis the coadjoint vectors. In other words, we promote the xed
coadjoint vectors to dynamical elds and reinterpret the generator of isotropy on the orbits as the Gau's law
constraints for a eld theory involving the coadjoint vectors. The coadjoint vectors turn out to be vector potentials
associated with a gauge theory and another eld which we interpret as the gravitational eld. In two dimensions
these elds are the coadjoint vectors that are coupled to the WZW model and the Polyakov induced gravitational
action. Our interpretation of the geometric actions associated with the coadjoint orbits is that these actions are that
of bosonized chiral fermions coupled to background gauge and gravitational elds in two dimensions. Since the gauge
elds can be identied as Yang-Mills elds we will assume that just as Yang-Mills has meaning in higher dimensions
so must its gravitational analogue. For us, recovering the gravitational theory and its interaction with gauge elds
is the major thrust of this report. Since the dominant degrees of freedom (the electric elds) of Yang-Mills survived
the reduction to two dimensions, we claim that the most relevant degrees of freedom of gravity are not the metric
but instead a pseudo-tensor that appears as a coadjoint vector in two dimensions. Our claim is that important
theoretical clues about the nature of gravity may be recovered from this procedure. One rather startling new feature
is that the gravitational eld transforms non-trivially under gauge transformations. This dictates how Yang-Mills
elds must couple to gravity and suggests an extension to grand unication that includes gravity. It turns out that
the coupling is equivalent to adding a Lie algebra valued torsion term to the connection. We will give the details of
this construction and further develop the gravitational theory.
The organization of this work is designed to give a global picture of our construction and is arranged as follows. In
the rst section we will review the salient features of the coadjoint orbits associated with the ane Lie algebra and
the dieomorphism algebra. This will allow us to identify both the gauge transformations and the isotropy equations
that we later relate to the Gau's law. Next we will give a scant review of Yang-Mills emphasizing the features
that are of interest to this paper. From there we demonstrate a construction of the Yang-Mills action starting from
the isotropy condition of the orbits and the transformation laws of the coadjoint vectors. By demanding features
such as local Lorentz invariance we are able to resurrect a theory that has no dimensional restrictions in its classical
action. After a brief discussion of general relativity, we use this construction to unfold a theory of gravity. We take
advantage of the non-trivial transport under gauge transformations that the gravitational eld inherits to educe the
interaction Lagrangian for the gravitational eld coupled to gauge elds. We close with comments about the nature
of this new theory.
2
2. Early Results and 2D Geometric Actions
Since the symmetries of string theory are the pivotal symmetries associated with this construction, we begin with
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N+M;0
: (3)
The generators of the ane Lie algebra are J

N
and the dieomorphism generators are L
N











































































































; can be dened by requiring



















































































































































































Instead of using components, let us illuminate the meaning of these expressions by writing F = ( () ; () ; a) as an
arbitrary adjoint vector and B = (T () ;A() ; ) as an arbitrary coadjoint vector, where ;;T; and A are functions















. The group action of G on B is generated by the adjoint representation for those elements of the
group that are connected to the identity
1
. Those adjoint vectors, F , that leave B invariant will generate the isotropy
group for B. By setting this equation to zero one can determine the isotropy algebra for B. With this we nd that
the innitesimal action of the adjoint on the coadjoint element spawns a new coadjoint vector through,
B
F




; 0) , (13)









































Equations 14 and 15 will be of cardinal importance in constructing our theory of gravity.















































B. Using methods from
12





















































































































































































This is well known and we emphasis that the geometric action so constructed is restricted to 2D (or 3D and boundary
to be more precise). Our role in this work is to build a theory that has no dependence on the dimension. As an
aside the so called \Chern-Simons" terms are more akin to B ^F
13
terms since the background elds, A and T , are
considered independent elds from g and s.
What is important to us follows from integrating the rst two summands by parts. Through the two dimensional
anomalies of gauge and gravitational elds, one is able the extract more details about the elds T and A. They serve




























































































































































) and a similarly for r

.


































































Thus we recognize that the anomaly is the leading term in the geometric action for the gauge sector.
In a similar way, we can analyze the gravitational sector and examine more carefully the structure of the T eld.




























do not appear equivalent due to the inhomogeneous transformation of T . However by integrating by parts one may





















transforms like T in that it too is a rank two pseudo tensor that transforms as 
000
on a at










xing the two terms are identical as far as transformation properties. Keep in mind that it is the transformation
properties that dene the essential character of anomalies. This suggests the eld T is the eld dening the carriers
of local dieomorphisms and is directly analogous to the vector potential. Since the T eld has an inhomogeneous
transformation, one has severe constraints on the structure of the action describing T if it is to be gauge and
generally coordinate invariant. We have now identied T as a pseudo tensor with well dened transformation laws
in any dimension, therefore we can construct a theory were the T eld locally carries gravitation in analogy with the
vector potential.
3. Review of Yang-Mills
Consider Yang-Mills in a temporal gauge, A
0
= 0: The vector potential A
a
i

























(y; t)] = i
ab
(x; y):























Notice that these transformation laws correspond to coadjoint and adjoint group action, respectively when reduced
to one dimension.
From the eld equations for A
0



























where  (x) is the gauge parameter and,
fQ
Gau
; Eg = [; E] (26)
fQ
Gau























































= 0, upon covariantizing, the above action

















































It is our intention in this paper to recover a theory, analogous to Yang-Mills, that corresponds to a gravitational
action and which has a natural reduction to the T eld in 2D. Unlike general relativity, the 2D reduction of this
theory is non-trivial. As we will show later, a natural distinction between cosmology and local gravitation arises.
Through the study of symmetries on a circle, we can recover Yang-Mills and its analogue for gravity. Our course of
action will be as follows: 1) From circle dieomorphisms and group transformations extract dual representation and
Gau's law from isotropy equations. 2) Use two dimensional anomalies to identify the \carriers" of the interactions.
3) Demand local Lorentz invariance. 4) Demand Gauge invariance. 5) Write down an action for arbitrary dimensions
that respects the two dimensional interaction terms.
7
4. Review of Gravity
We would like to review some of the essential features of general relativity as gravity. Einstein's
15
theory of gravity
is at present the most promising theory of gravity to date. It is based on the fact that gravity can be directly
related to a geometric manifold. In this description of gravity, one has a derivative operator, r

, which can be built
from the ordinary derivative operator and the connection, also called Christoel symbol,  


. This connection is a


















If the derivative operator r
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Note that for any rank-two symmetric tensor which has an inverse, say ~g






, that has the



















is a generic rank one tensor. One may think of the curvature as the minimal generally covariant tensor



































R = 0 (34)
where R

and R are the Ricci tensor and scalar curvature respectively. The Einstein equations follow immediately
































5. Construction of the Gravitational Theory
As mentioned in Section 2, the geometric actions associated with the coadjoint orbits have a physical interpretation
of fermions coupled to gauge and gravitational elds in two space-time dimensions. We have denoted the background
gauge eld as A and the background gravitational eld as T . In this section we discuss the main points of this work;
one may recover eld theories in any dimension from the two dimensional symmetries. In particular, one may recover
a theory of gravity which is distinct from general relativity.





















A+ [A  A] + k
0
; 0g:
We claim that from here we can extract the transformation laws and Gau's law constraints that lead directly to
higher dimensional theories which include interactions.
A. Gauge Transformation Laws
Consider the eld A separately from T and set  = 0, and consider just the gauge variation of a rank 1 tensor A

in




























under a general coordinate transformation, we see that the  transformation in Equation (38) is the residual transfor-
mation of time independent spatial translations. It is well know that the Yang-Mills action is the requisite action to
describe A

as a dynamical eld in any dimension. We will utilize this fact in order to understand the gravitational
sector.
In a similar way we can deduce the properties of T and extend it to higher dimensions. Again consider  = 0.











In Section two we argued that T transforms like @  evaluated on a at manifold. Recall the pseudo-tensor  










































































under general coordinate transformations, we see that T is just such a tensor in two dimensions after gauge xing
in a temporal gauge. Since T


must transform like Eq.[38], we expect it to be totally symmetric in its covariant
indices. The general coordinate invariance can be used to set two of the components to zero and Equation(38)
exhibits the residual symmetry from gauge xing. So T


will be our fundamental gravitational eld and this is a
renement of some of our previous work
16;17
.
The new and distinguishing feature of T













































































From Eq.(38) one can see that if we use the isotropy equation for A to eliminate 
0
in the isotropy equation for T ,

















which tells us the T transforms like  Tr(AA) when a background A is present. This gauge transformation law will
be important in dening the interaction between gravity and gauge elds.
B. Gau' Law Constraints and Field Equations
Equation (38) can tell us much more than just the transformation laws. Recall that by setting this equation to zero,
one denes the isotropy group for a particular coadjoint orbit. From the point of view of two-dimensional geometric






where G is the gauge group,

(G) is the loop group of G, andH
T;A
is the isotropy group of the elds T and A. The geometric actions then describe
the anomalous two-dimensional fermionic vacuum in the presence of background gauge and gravitational elds. Our
purpose here is quite dierent. We are not at all interested in orbits instead we are interested in making A and T
dynamical variables which would certainly move us away from any orbit. In fact if we are to preserve gauge invariance,
we must guarantee that we do not incorporate gauge variations into the dynamics. The geometric orbits of WZW and
Polyakov represent anomalous contributions to gauge theories and gravity and cannot dene gauge invariant theories
10
for T and A. In eld theories, this is precisely the role of Gau's Laws. The Gau's Law constraints guarantee that
the dynamical eld and its associated conjugate momentum will not evolve in any (residual) gauge directions. The
Gau's law constraints are the generators of the time independent gauge transformations and spatial translations.
Thus the dynamical theory of A and T must be \orthogonal" to the coadjoint orbits. Since the isotropy condition
is an equivariant relation between coadjoint vectors and the adjoint representation it is precisely the condition that
denes the Gau Law. One replaces the coadjoint vector with the canonical coordinate and the adjoint element
with the conjugate momentum. This follows since the conjugate momentum transforms like the adjoint elements.
Therefore we claim that the isotropy equation is tantamount to the Gau's Law constraints of a eld
theory of the coadjoint vector and its conjugate momentum.

















A+ [A  A] + k
0
= 0: (43)
Let us examine the A sector rst. Consider  = 0 in Equation (43). For time independent gauge transformation E
transforms like an adjoint element so in the above  (an adjoint element) is replaced by
1
k










; E] + @

E = 0:










where we have absorbed the gauge parameter into the denition of A. The isotropy equation, Equation (43),
has identied the conjugate momentum to the vector potential and there is no obstruction to writing this in any
dimension. This implies that this constraint equation comes from varying the action with respect to a eld that has
vanishing conjugate momentum, i.e. A
0
. Thus the action S
A





implies Equation (44). Once we demand local Lorentz invariance and lift the gauge xing condition, we recover the
Yang-Mills action, Equation (29). We will consider the eects of  in a few moments.
In a similar way, Equation (42) denes the relationship between T


and its conjugate variable which we will call











in the absence of any gauge elds. However we need to know the full nature of X, i.e. its tensor structure and
explicit form in terms of T . The isotropy equation when viewed as the Gau law does tell us that X transforms as a
11
tensor (rank one in 2D) as opposed to a pseudotensor since it is in the adjoint representation. Furthermore we can
take advantage of what we know from Yang-Mills.
Lets go back to the Equation (43) and examine the role of the  eld. Since this eld transforms exactly like the



















The tensor structure of X follows from the variation of the Yang-Mills action with respect to A
0
. Here and in above
expression, the \0" represents a time component of the tensor. Also the tensor X
l
0j
is antisymmetric in the (j; 0)
indices. This term must come from part of the interaction between gravity and gauge elds. We will build the rest
of the action from this statement.
Consider Eq.(46); since A commutes with itself we can absorb the XA term into the electric eld and write
~






E. This suggests that we can rewrite the Yang-Mills






















Let us give a general overview of what is needed for the structure of the gauge and coordinate invariant action. We
will then correct it with all the details. As X


is anti-symmetric in (), it represents a torsion term added to the
















































coming from the expansion of Eq.(47) that violates gauge invariance. But T transforms non-trivially under gauge

























is a suitable contraction of T
















































in place of A

. All would be complete, except
the introduction of T






. To correct for this we observe that in two dimensions, X is a vector which transforms like





















would be the last requisite term.





















If X has the structure of @T , then the variation with respect to T

0
(a component which has vanishing conjugate











With this, lets us construct X. X must be a true tensor with two anti-symmetric covariant indices and one contravari-
ant index since it reduces to a rank one covariant tensor in two dimensions. Also it corresponds to the conjugate













































































some components of T
















In the presence of gauge potentials T





































, a former adjoint element in the dieomorphism sector, is gauge invariant. Then our action in four
























































































































































































































and we have introduced the coupling constant  which has mass dimensions of  2 in four space-time dimensions.




presence of the background metric in this action suggests a natural segregation of the background cosmology due to
g
























































































in D dimensions. This explains the factor of
1
4
in front of the XTX term and is responsible for restoring the
gauge invariance. In two dimensions the terms containing  


vanish when evaluated on the at metric. However,
these terms act as pure \gauge" under general coordinate transformations as they still have non-trivial coordinate
transformations.
6. Conclusions
Throughout this paper, we have argued that the two-dimensional symmetries associated with the ane Lie algebra
and Virasoro algebras are nothing more than remnants of eld theories that have been evaluated in two dimensions.
This leads us to a theory of gravitation that has non-trivial degrees of freedom in two dimensions and a natural
extension to higher dimensions. The gravitational eld moves on a background metric g






under gauge transformation. These transformation laws allow Yang-Mills to be coupled to a Lie-algebra
valued torsion term and still maintain gauge invariance. One can easily extend this work to theories containing
several gauge groups as all vector potentials transform as rank one tensors under coordinate transformation, Eq.(38).














where A, B, and C are gauge elds.



















can only arise from the symmetric contributions of R












. From our point of view this is not
a consequence of quantization since T and E are on the same footing in the two dimensional geometric actions and
both serve only as background elds. Put simply, T is not a tensor but a pseudo-tensor with an inhomogeneous
contribution. The fact that both the metric tensor and the eld T are present is perhaps due to a demarkation




simply symmetrizing all the indices of  


and then use a symmetric rank two tensor with an inverse, say, ~g

to construct a suitable  


. Of course if ~g

and the metric that is compatible with the connection, g

coincide,

































or whether this new contribution contradicts any of the other observed gravitational eects.











will provide a mass term for the vector
potential at tree level. Such gravity induced mass terms could very well provide a mechanism for breaking the
symmetry of a gauge theory (such as electroweak theory).
In a perturbative quantum theory of the T tensor, the propagator will go like p
 4
which naively will converge.
However issues of causality, ghosts and unitarity must also be addressed. The construction of the action, Eq.(56),
is so \close" to Yang-Mills, that we are hopeful that the symmetries of the system will lead to Ward-Takahashi
identities that will protect the renormalizability of the theory.
There are two other issues worth commenting on before closing. The rst is a Chern-Simons analogy for three
dimensional theories and the second might provide us with an understanding of the vacuum structure of quantum
gravity as well as provide realizations of dierent complex structures in four dimensions.
The Chern-Simons analogue of Yang-Mills is fairly easy to construct. Chern-Simons may be thought of as the










where D is the gauge covariant derivative. Naturally all second derivative terms vanish leaving Chern-Simons. A























































































































































When we evaluate this on a at manifold of three dimensions we may set the connections  


to zero (keeping in















































































are components of a rank two symmetric tensor, say S





which reduced to a symmetric two-tensor. The fact that T


is related to X


implies that Eq.(61) is
analogous to Chern-Simons. Since S

is distinct from T


the \Di Chern-Simons" of Eq.(17) is really just the
analogue of B ^ F .
When Donaldson
18
classied the dierential structures on four-manifold, the use of SU(2) Yang-Mills theory was
of paramount importance. In Eq.(56) we showed that Yang-Mills is closely related to gravity. One may be able to

















































































































































































































is the invariant volume form on the four-manifold. Then the intimate relationship between self-dual
sectors of an SU(2) theory and dierential structures on four manifolds may become manifest leading to explicit
realizations of four dimensional di classes. In a quantum picture of gravity, the dierential structures need not be
preserved as in the classical case since dierential structures are relevant for eld equations as opposed to transition
amplitudes. A study of the above action when A

= 0 could provide a description of the vacuum structure of gravity
in four dimensions.
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